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Abstract:

We present the range-symmetric, interval-valued Intuitionistic fuzzy matrix (RS-IVNFM)
and the kernel-symmetric, interval-valued Intuitionistic fuzzy matrix (KS-IVIFM), which is
similar to the EP-matrixes in the unitary domain. We first present equivalent characterizations for
an RS matrix. Then, we derive equivalent conditions that an IVIFM is a KS matrix, and finally,
we study the relationship between RS-IVIFM and KS-IVIFSM. With suitable examples, we
introduce the idea of k-KS and RS-IVIFM. We introduce some primary results about KS matrices.
We demonstrate that KS implies k-KS, but the converse need not apply. Numerical results explain
the equivalent relationships between KS, Moore-Penrose inversion of IVIFM and k-KS.
Keywords: IVIFM, RS-IVIFM, KS-IVIFM, k- KS-IVIFM

I. Introduction

Zadeh [1] first introduced fuzzy sets (FSs) in 1965. These are traditionally defined by their
membership value or grade of membership. Assigning membership values to a fuzzy set can
sometimes be challenging. Atanassov [2] introduced intuitionistic FSs to solve the problem of
assigning non-membership values. Wang et al., [4] and [5] generalized the concept of NSs to
single valued NSs and interval-valued NSs to overcome the difficulties faced during application
of NS values in real-life. Smarandache [3] introduced the concept of neutrosophic sets (NSs) to
handle indeterminate information and deal with problems that involve imprecision, uncertainty,
and inconsistency.

If fuzzy matrices P and P* have a positive counterpart (P*), then the two coincide with P's
transpose. Kim and Roush [6] studied generalized fuzzy matrixes and found that a fuzzy P matrix
is symmetric when the range P equals the transpose range, PT. It is also kernel symmetric when
the null space of P equals the null space of PT. It is widely accepted that range and kernel symmetry
concepts are equivalent in matrices.

The range symmetry of neutrosophic fuzzy matrices is R[P]=R[PT], but not the kernel
symmetry N(P)=N(PT). Meenakshi [7] introduced fuzzy matrices by introducing k, a fixed
product derived from disjoint transformations. Hill and Waters [8] discussed on k real and k
hermitian matrixes. Baskett and Katz [9] explored the concepts on EPr matrixes. Schwerdtfeger
[10] delved deep into linear algebra and matrices.

Meenakshi, Jayashri [11] have discussed k-KS Matrices. Riyaz Ahmed Padder [12-14]
studied idempotent intuitionistic fuzzy matrices of the T-type. They also explored the reduction
of non-nilpotent IFMs by using implication operators and determinant theories for IFMs.
Atanassov [15] on the other hand, focused on generalized index matrixes. Sumathi and
Arockiarani [16] briefed on new operations on fuzzy neutrosophic soft matrices. Meenakshi and
Krishnamoorthy [17] presented k-EP matrixes.

1.1 Research Gap

Anandhkumar et al., [18] presented the concept of range and kernel-symmetry principles
to NFM. We have applied the range and kernel-symmetry principles to IVIFM in this context.
We have examined some of the results and extended both concepts to IVIFMs. We first present
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equivalent characterizations for a RS matrix and a KS matrix. We then derive the equivalent
conditions that IVIFMs must meet to show kernel symmetry, and we explore the relationship
between range symmetry and kernel symmetry. We also find equivalent conditions that allow
various generalized inverses to have kernel symmetry.

II. Preliminaries and Notations

2.1 Preliminaries

If «(y)=(y«(11, Yxi21, Yki31..... Ykin]) € Funxi for y =1, y2,..,¥yn €F[ixn), where K is involuntary, The
corresponding Permutation matrix is satisfied using the following

(P)K=K",K*=1I and (y) =Ky for every 0=<[0,.0,1,.10,.0,1, > (I/VIFM )

(P2)N([Q,,0;1,) =N([Q,.0,], K) =N(KI[Q,.0;],
N([@,.0,1,) =N([9,,0,1,K) =NK [0,.0,],)
(P3)([0,.0,1,K)" =K[0,,0,],"and([Q,,0,1,)" =[0,,0,], K exists, if [0, , 0, ], " exist
(9., 1K) =K[Q,.0,1,"and(K[Q,.0,1,)" =[Q,.Q,1, K exists, if [Q,, 0, ], exists.
(Ps) [Qﬂ’Q/l ]LT is a g-inverse of [Q#,Q/l 1, iff [QN,Q/1 ]L+ exist
[Q#,Q/I ]UT is a g-inverse of [0,,.0, 1, iff [0..0, ], " exist
2.1 Notations: For NFM of 0 =<[Q,.0,1,,[0,.0,1, > (IVIFM)_
[0,,0,]," : Transpose of [0,.,0, ],
[0,.0,]," : Transpose of [0,,0, 1,
R([Q,,0,],) : Row space of [0, 0, ],
R([Q,.0,]1,) : Row space of [O,, 0, ],
C([Q,,0,]1,) : Column space of [Q,,0, ],
C([Q,,0,1,) : Column space of [OD,,0, ],
N([Q,,0,1,) : Null Space of [0, 0,1, -
N([Q,,0,1,) : Null Space of [0, 0, ], -
[0,,0,]," : Moore-Penrose inverse of [0,,0, ], »

[0,,0,1, : Moore-Penrose inverse of [0, ,0, ],

IVIFM : Interval valued Intuitionistic fuzzy matrices.
PIFM : Permutation Intuitionistic fuzzy matrices.

II1. Definitions And Theorems
Definition:2.1 IVNFM): An IVIFM A of order mxn is denoted as A = [Xij,< aijy, aijn >]mxn Where
aiju and ajj. are the subsets of [0,1] which are denoted by ajj, = [ajjuL, aijuu] and aijpn = [aijpe, aipu]
which maintaining the condition 0<ajj,u + aiju=<l, 0<ajj. taprL<1,0<aur<a,u<1,0<a <
au=<l.
Example2.1 Consider an IVIFM
<[0,0],[1,1] > <[0.1,0.3],[0.2,0.4] >
0= L [0.1,0.3],[0.2,0.4] > <[0,01,[1,1]> }
<0,1> <0.1,0.2>

<0.1,02> <0,1> }

<0,1> <03,04 1

<0.3,04> <0,1>

Lower Limit IFM, [Q,,0,], = {
Upper Limit IFM, [0,,0,], = {
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Definition: 2.2 Let 0 =<[0,.0,1,.[0,.0,], > be a IVIFM, ifR[[Q,,0,],1=

R[[0Q,.0,],"Tand R [[Q,,0,1,1=R [[Q,,0,], ] then O is called as RS.
Example: 2.2 Consider an [VIFM

<[0.4,0.5],[0,0] >  <[L1],[0,0]> <[0.2,0.5],[0.3,0.6]>
0= <[1,11,[0,0] > <[1,11,[0,0] > <[1,11,[0,0] > ,

<[0.2,0.5],[0.3,0.6] > <[1,1],[0,0]> <[1,11,[0,0] >

[ <04,0> <1,0> <0.2,03>
Lower Limit IFM, [0,.0,1,=| <1,0> <1,0> <1,0>
1<0.2,03> <LO> <1,0>
Here,R[[Q,,0,1,1=R[[Q,,0,],"]
[ <0.50> <1,0> <0.5,0.6>
Upper Limit IFM, [0,,.0,1,=| <1,0> <L0> <L0>
1 <0.5,0.6> <L0> <1,0>
Here, R [[Q,,0,1,1=R[[Q,,0,1,"]

The following matrices does not satisfies the range symmetric condition
<[0.4,0.5],[0,0]>  <[1,1],[0,0]> <[0.2,0.5],[0.3,0.6]>

0= <[1,1],[0,0] > <[1,11,[0,0] > <[1,1],[0,0] >

<[0.2,0.7],[0.4,0.6] > <[1,1],[0,0] > <[1,1],[0,0] >

<04,0> <1,0> <0.2,03>
Lower Limit IFM, [0,.0,1,=| <LO0> <L0> <LO0> |,
<0.2,04> <1,0> <1,0>
<04,0> <1,0> <0.2,04>
[0,.0,1,"=| <1L0> <L0> <L0>
<0.2,03> <1,0> <1,0>

[(0.4,0) (1,0) (0.2,0.3)]e R(Q,.0,1,) » [(0.4,0) (1,0) (0.2,0.3)]# R(Q,.0,1,")
[(1.0) (LO) (1LO)]e R(Q,.0,1,) . [(L.O) (1.O) (LO)] e R(Q,.0,1,")
[(0.2,0.4) (1,0) (L,0)]€ R(IQ,0.1,) ,[(02,04) (1,0) (1,0)] & R(Q,.C,1,")
R(0,.0,1)# R(0,,0,1,")

<0.50> <1,0> <0.50.6>

Upper Limit IFM, [0,,0,], =| <L0> <1L,0> <L0>

<0.7,06> <1,0> <1,0>
Similarly, R([Q,.0,1,)¢ R(Q,.0,1,")
Note:2.1 For NFM Q=< [0,.0,1,.[0,.0,1, >¢ ( IWFM)n with det [0,.0,1, > <0,0> and det
[0,.0,1, > <0,0> has non- zero rows and non-columns, hereafter N([Q,,0, ], ) = <0,0> = N(
[0,.0,1, T) and N([Q#,Q,1 1y) =<0,0> = N([anQz]u T) . Furthermore, a symmetric matrix
[0,.0:1, = [0,.0:1,. [0,.0,1, = [0,.0,]," thatisN([Q,,0,1,)=N([Q,,0,], ") and N(

[anQA]U)Z N([Q/NQA]UT)'
Definition : 2.3 LetP € (/v7FM) , if N([Q,,0,]1,) =N([Q,,0,], ") and N([Q,,0,1,) = N(
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[QH,QA]UT) then Q =< [0,.0,1,,10,,0,1, > is called KS- IVIFM where N( [0,.0,], )= {x/x

[0,.0;1, = (0,0) and X € Fixnj, and N([Q,, 0, 1,)= (¥/X[Q,, 0,1, = (0,0) and X € Fixn}.

Example: 2.3 Consider an [VIFM
<[0.3,0.4],[0.3,0.4] > <[0.5,0.6],[0.3,0.7]> <[0.2,0.5],[0.3,0.6] >

0=|<[0.4,0.6],[0.7,0.8] > <[0.4,0.7],[0.8,0.9]> <[0.2,0.3],[0.5,0.7]>
<[0.2,0.7],[0.4,0.6] > <[0.4,0.5],[0.4,0.6]> <[0.4,0.5],[0.5,0.7] >
[<0.3,03> <0.5,03> <02,03>
Lower Limit IFM, [0,,0,], =| <0.4,0.7> <0.4,0.8> <0.2,0.5>
1<0.2,04> <04,04> <0.4,0.5>
[<0.4,04> <0.6,0.7> <0.5,0.6>
Upper Limit IFM, [0,.0,1, =] <0.6,08> <0.7,09> <0.3,0.7>
1<0.7,0.6> <0.5,0.6> <0.5,0.5>

N(Q,.0,1,)=N(0Q,.0,1,")=(0,0)
N(Q,,0,1,)=N(Q,.0,1,") =(0,0)
Definition 2.4. Symmetric IVIFM. If P € (/VIFM )n is said to be symmetric IFM if pi; = pji
Example: 2.4 Consider an [IVIFM
<[0.4,0.5],[0,0]>  <[L1],[0,0]> <[0.2,0.5],[0.3,0.6]>

0= <[1,1],[0,0] > <[1,1],[0,0] > <[1,1],[0,0] > ,

<[0.2,0.5],[0.3,0.6]> <[L1],[0,0]> <[1,1],[0,0] >
[ <04,0> <1,0> <0.2,03>
Lower Limit IFM, [0,,0,1, =] <1,0> <1,0> <1,0>
1<0.2,0.3> <1,0> <1,0>

Here, [0,,0,1,= [0,.0,],"
[ <05,0> <1,0> <0.5,0.6>
Upper Limit IFM, [0,,0,1, =| <1,0> <1,0> <1,0>
1<0.5,0.6> <L0> <1,0>

Here, [0,,0,1, = [0,.0,1,"

Definition 2.5. Permutation IFM

If each row and each column contains accurately one <1,0> and all other entries are <0,1> in a
square IFM, it is known as intuitionistic Fuzzy permutation matrix.

(LO) (0,1) (0,1)
Example: 2.5 Consider a NFPM, K =| (0,1) (1,0) (0,1)
(0,1) (0,1) (1,0)
Iv. Theorems And Results
Theorem:4.1 For an IVIFM P =<[P,,P,],,[P,.P,], >, O0=<[0,.0,],.[0,,0,], >€IVIFM,,
and K be a IFPMif N([P,,.P,],) = N([Q,.0,],)© N(K[P,,P,], K") = N(K[Q,,0Q,], K" )and
N([P,.P,1,)=N(Q,.0,1,)© N(K[P,,P,],K") = N(K[Q,,0,1,K").
Proof: Let we N(K[P,,P,],K")
= w(K[P,,P,],K")=(0,0)
= yK" =(0,0) where y = wK([P,,P,],)
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|
=ye N(K")
detK =detK" > (0,0)
Therefore, N(K") =(0,0)
Hence, y = (0,0)
= wK([P,,P,],)=(0,0)
=wKeN([P,.P,])=N(I0,.0;1,)
= wK([Q,,0,1,)K" =(0,0)
=we N(K(0,.0,1)K")
N(K[P,,P,],K") = N(K[Q,,0,1,K")
Similarly, N(K[Q,.0,1,K") < N(X[P,,P,],K")
Therefore, N([P,.P,],)=N(0Q,.0,]1,)® N(K[P,,P,],K") = N(K[Q,,0,1, K")
Therefore, N([P,,P,],)=N([Q,,0,1,)® N(K[P,.P,],K")=N(K[Q,.0,1,K")
Conversely, if N(K[P,,P,],K")=N(K[Q,,0,1,K"),
N ([P,,P,],)=N (K" (K([P,,P,],)K") K)
=N K"K ((Q,.0;,1)K")K)
N(P,.P,],)=N(0,.0,1,)
Similarly, N(K[P,,P,],K")=N(K[Q,,0,1,K") = N([P,.P,.P],)=N(0Q,.0,.0,1,)
Example: 4.1 Consider an IVIFM

<[0.3,0.41,[0.3,0.4] > <[0.5,0.6],[0.3,0.7]> <[0.2,0.5],[0.3,0.6]>
P=|<[0.4,0.6],[0.7,0.8] > <[0.4,0.7],[0.8,0.9]> <[0.2,0.3],[0.5,0.7]>

<[0.2,0.71,[0.4,0.6]> <[0.4,0.5],[0.4,0.6]> <[0.4,0.5],[0.5,0.7]>

(By Note: 2.1)

<0.3,03>
<0.4,0.7 >
<0.2,0.4>
<0.4,04>
<0.6,0.8 >
<0.7,0.6 >

<0.5,03> <02,03>
<04,08> <0.2,0.5>
<04,04> <04,0.5>
<0.6,0.7> <0.5,0.6>
<0.7,09> <0.3,0.7>
<0.5,06> <0.50.5>

Lower Limit IFM, [P ,P,],

Upper Limit IFM, [P;,’Pi]u

(L,0) (0,1) (0,1
K=|(0,1) (1,0) (0,1)
(0,1) (0,1) (1,0)
<[0.5,0.61,[0.3,0.4] > <[0.4,0.5],[0.3,0.4] > <[0.3,0.5],[0.4,0.6]>
0=[<[0.5,0.6],10.7,0.8]> <[0.4,0.5],[0.8,0.9]> <[0.2,0.3],[0.5,0.7]>
<[0.2,0.31,[0.4,0.5]> <[0.4,0.6],[0.4,0.7] > <[0.4,0.6],[0.5,0.5]>

Lower Limit IFM, [0,.0,1, =

Lower Limit IFM, [0,,0. 1,

[<0.5,0.3>
<0.5,0.7 >
1<0.2,0.4>
[<0.6,0.4 >
<0.6,0.8 >

<0.3,0.5>

<04,03>

<04,0.8 >

<04,0.4>
<0.5,0.4 >
<0.5,0.9 >
<0.6,0.7 >
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Theorem:4.2 For an IVIFM 0=<[0,.0,1,.[0,.0,1, >e({/VIFM), and K be a IFPM if
N(0Q,.0,1)=N(0,.0,1,)eN(K[Q,.0,,K) = NK [0,0,]," K’ and
N(0Q,.0,1,) = N(0,.0,1,") © N(K[Q,,0,1,K") =N(K [0,,0,]," K.

Proof: Let x e N(K[Qﬂ,Qﬂ]LKT)

= x(K[Q,,0,1,K") =(0,0)

= wK" =(0,0) where w = xK[Q,,.0,1,

=weNK")

detK =detK” > (0,0)

N(K")= (0,0)

Here,w=(0,0)

= xK[0,,0,], = (0,0)

=xK e N([Q,,0,1,)=N(0,.0;1,")

= xK[0,.0,]1," K" = (0,0)

=xe N(K[Q,,0,1,K")

N(K[Q,.0,1,K") = N(K[Q,,0,1,"K")

Similarly, N(K[Q,,0,],"K") < N(K[Q,,0,1,K")
Therefore, N(K [Q,,0, ], K" =N(K [0,.0,1, TKD
Conversely, if N(K [0,,0,1, KT =N(K [0,.0,1, TKD,
N([Q,.0,1,) =NK'(K[Q,.0,1,KDK)

= NK'(K [0,.0,]," KDK)

N([Q,.0,1,) =N([0,.0,1, .
N(Q,.0,1,)=N(9Q,,0,1, ) ®NK[Q,,0,],K) =N(K [0,.0,],"KT)
Similarly, N([Q,.0,1,) = N(Q,.0;1,") © N(K[Q,,0,1,K) =N(K [0,,0,]," K.
Example: 4.2 Consider an [VIFM

<[0.7,0.8],[0.3,0.4]> <[0.5,0.7],[0.3,0.7]> <[0.2,0.3],[0.3,0.6] >
0=|<[0.4,0.6],[0.7,0.9]> <[0.4,0.5],[0.8,0.9]> <[0.2,0.3],[0.5,0.8] >
<[0.2,0.2],[0.4,0.6] > <[0.4,0.5],[0.4,0.7]> <[0.4,0.5],[0.5,0.5]>
(1,0) (0,1) (0,1)
K=|(0,1) (1L0) (0,1
(0,1) (0,1 (1,0)
[<0.7,03> <0.5,03> <02,03>
Lower Limit IFM, [0,.0,1,=|1<04,0.7> <04,08> <0.2,0.5>
1<0.2,04> <04,04> <0.4,0.5>
[<0.8,04> <0.7,0.7> <0.3,0.6>
Upper Limit IFM, [0,.0,]1, =|<0.6,09> <0.5,09> <0.3,0.8>
1<0.2,0.6> <0.5,0.7> <0.5,0.5>
Theorem: 4.3 For 0=<[0,,0,1,.[0,.0,1, > (IVIFM ), is kernel symmetric IVIFM, then N(
[0,.0:1,10,.0,1,") =N([Q,.0,1,) =N([0,.0,1,"10,.0.1,)
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and N([Q0,,0,1,10,.0,1,10,.0,1,) =N([Q,.0,1,) =N([Q,.0,1," [0,.0,1,)-

Example: 4.3 Consider an [VIFM
<[0.1,0.21,[0.3,0.4]> <[0.4,0.6],[0.3,0.8] > <[0.2,0.9],[0.3,0.9]>

0=| <[0.4,0.5],0.7,1]> <[0.4,0.7],[0.7,0.8] > <[0.2,0.2],[0.5,0.7] >
<[0.2,0.2],[0.3,0.6] > <[0.4,0.5],[0.3,0.7]> <[0.4,0.5],[0.2,0.5]>

[<0.1,03> <04,03> <02,03>

Lower Limit IFM, [0, ,0,], = <0.4,0.7> <0.4,0.7> <0.2,0.5>

1<0.2,03> <04,03> <04,0.2>

[<0.2,04> <0.6,08> <0.9,0.9>

Upper Limit IFM, [Q,,0,], =| <0.5,1> <0.7,0.8> <0.2,0.7 >

1<0.2,0.6> <0.5,0.7> <0.5,0.5>

Theorem:4.5 For a IVIFM P =<[P ,P,],,[P,,P,], >, O0=<[0,.0,],.[0,.0,], > IVIFM,,

and K IFPM, R ([P,,P,],) =R ([Q,.0,],) © R(K[P,,P,],K") =R (K[Q,,0,],K") and R (

[P,.P,],)=R([0Q,.0,1,) @ R(XK[P,P,],K)=R(K[Q,,0,],K).

Proof: LetR ([P,,P,],)=R([0,.0,1,)

Then, R ([P,,P,],K") =R ([P,,P,],) K"

=R ([P,,P,],) K"

=R([P,,P,],K")

Let z&{R(K[P,.P,],K")}

z=w(K[P,,

z:r[Py,P,l]LKT, r=wk
zeR([P”,PA]LKT):R([Qﬂ,QA]L (KT))

P,1,") for some we V"

z=u[Q,,0,],K" for some uecV"

z= (uKT )K[Qﬂ, 0,1,K"

z=vK[Q,,0,], K" for some ve V"
zeR(K[Q,.0,1,K")

Therefore, R(K[P,,P,],K") < R(K[Q,,0,1,K")
Similarly, R(K[Q,.0,1,K") = R(K[P,,P,],K")
Therefore, R(KK[P,,P,],K") =R(K[Q,,0,],K")
Conversely, Let R(K[P,,P,],K") =R(K[Q,,0,1,K")
R([P,.P,],)=R[K"(K[P,,P,], K")K]
=R[K"(K[Q,.0,1,K")K]

=R(09,.0,1,)

R([P,.P,]1))=R(0O,.0:],)

Similarly, R ([P,,P,],) =R ([Q,.0,],) © R(KI" " § K)=R([K!" "  #KT).
Example: 4.5 Consider an [IVNFM
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| <I"H#3% "#&'Y"#(YF #)K I"#)% "#*' %o I"# (YR HHE&Y0 "H%0 | "# (Yot
I = §< "H#)% "#*' %o I"# (%0 'FH+'< !"#)%"#-'%!"#b%%#*#&%"#&'%!"#.%’g
% "#&% "#,' %" #(%o3#,'< I"#&Y% "HE&' Yo ' .%"H#H) Yo "#19%1"#& Y68
1,0) (0,1) (0,1)
K=|0,1) 1,0) (0,1
©,1) (0,1) (1,0)
NGO < 1M&SI% < IM$IM9g
Lower Limit IFM, () $),*, :$<!"&$!"% < 183> < r"$!",>g
< IUBI%> < IMSI > &SI >
CIHSIY < 1&SIMS < IMGI(H
Upper Limit IFM, }* $% 4 =< 1"g$1"> < 1($1( > <"#$!", >3

%
g !II($!II( > 4!I#$!II’ > ¢II_$!II_ >g
I <I"#$% "#&'Vo!"H#(W'H& 1"#$% "H#P 'V #)&0 "HYY "H#) Vo "H SIS
1 = ﬁ< "H+90"#,'001"#(%2-'<  I"#4+9% "#¥'% "B UR'H#$% "#$'%!"#)°/c>‘§

85 "H.90 " "HE' % "# (Yo 2 +< "#+00"#,'% " H (Y ## % "H& Y0 "# (%S
"<I"HSI"Ue < I"#PI"'& < "SIy
Lower Limit IFM, (* /$ , ) :§< "$1"0e < 1M1 > <!"#$!"&>g
IS0 < 1"$1"0 < I"'#$1"9%0
"<IMESIHS>S < 1I"0$!"& < IM$IM>p
Upper Limit IFM, (" 3 ,) = $< gl < 1"@$I"> < !"%$!'§92
FE1"%$!"> < IMGI+> < I'HSIHS9
R(M#"$)=R(" )" ,#)=REK!"#"$ KT)=R (K!" Py #KT) and
R("#"§)=R(" " ,#)=oREK!"#"$ KT)=R (K!" A KT).
Theorem:4.6 For # =<W #  ## #" .#>bethe IVIFM and K be a [FPM, R(!" "  #)=
R(™ ", #T) & R(K!" u S HKD)=REK I u ,#TK") and R(!™ S #)=RO N H D)
& RK!™ " # Kh)=R(X I" PR TKD.
Example: 4.6 Consider an [IVIFM

| <I"H$% "HS&Y6 " H % "HE& I"4)0% "H* &% " TV oA HERSH, 8V 1" H /e
| = ﬁ< 00 RIS HAE (% "#,&%!"#»;@/o#ﬁ%&#,&%!!"'#*0/&3
Y "B "H, 8% Y& I"H(%"H, QYO HO% "I "H(&IS e

IHSIYe < I'&SIE < IM$ICGH
Lower Limit IFM, )" |$ , ¥ =g< I'8$I'& < I"'$I'"& < !'"$!"(>3

MBI > U > 18$% > 9

IHSIYe < 1SS < (1Y)
Upper Limit IFM, *' § , +=3< 1"@$1" < I'$I"> <I"(SI"( >

G > G > Lusr, >9
Theorem:4.7 For a IVIFM # =<!I" #",$ #I" #/' $ > $ =<8 $ ,#$ $", #>" $%$&
and K IFPM C(I" #",$)=C(1" * ,#) o CKI" #",§K)=C(K 1" * ,#K") and C(
" )= " #) e CKY #7,§ KN=CK 1" ", #KD)

Example: 4.7 Consider an [VIFM
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| <I"#3% "#P&Y0!"H#PH0 "HKE& "H#(% "#) &% | "H(YF H68H & %0 I"'H) Yo
I = §< "#+90 "#) &% "#(% "#3& 1"#'%"#,&96+"# 20 '##@&"#-&%'!"#)%‘53
5 "H' % "#' &%"#) % H-& I"#'00"#,8% 1 5) % "H1&V0 "H# &Y " # VS

"SIHBIME> < I"$1"% < 1I"&$ 1M
Lower Limit IFM, () $) *, = &<I"+$1"%> < I'"&$1"> < !"&$!'">g
$ &SI > <IESIM > I&$IH>Y
"< I"HBI"e < 1"&BI"S < 1" IS
Upper Limit IFM, () $) % =2<I"&$!"€> < I"+§!"> <!",$!"&>gj
%S> < I"+$IM> < "SI

I <I"HS% "HE&O ' HW HE  1"H(Yo"H &Y H(&o "H)B "HRIBI U
= §< "B "H+EO6"H HE  I"HS% "#,&%!"m/my&'#'&%!r"#(wg
U "B HBRYO IS HE  "HBY"H, &6 H VBB HB& IR H U

"<I'H#PI" < I"&$I"& < "Bl
Lower Limit IFM, (*,$ , ) =3< I'#$1"% < 1#gs < LT
BIHSIM > <IHSI0> < I"HS1"0B0
"<I'ESI' < 1"0OBI'& < I"$I'ty
Upper Limit IFM, (" ,$ , ) =3< I"$1'0% < I"t$"a < Iogwd
BIHSIM > "SI > <IHSIM* SO
Therefore,
C(" g#",$)=C(I" " ,#)e CKI"#",$KH)=CK!I" " ,#K")and
Cp"$)=C(" " #)=o CK"#"§ KN=CK!" "  #K).
V. K-Kernel Symmetric Ivifm
Definition: 5.1 Let 0 =<[Q,.0,1,.[0,.0,1, > IVIFM,, is called k-KS IVIFM if N(!" ", #
)=NE I " #TK)and N(!" " #)=NEK!I" "  #'K).
Note:5.1 Let $ =<!" #" $ #I' #' $ >" %&%)( is k-Symmetric IVIFM implies it is
k-KS-IVIFM, for I" ", # =K(I" * ,#DK, " #",% =K(" #",$ DK spontaneously
Example 5.1 shows that if and only if need not be true.
Example: 5.1 Consider an IVIFM
I <I"#"$9&#I"#"$& < "#"S(&A"B#"$)& PGB
! :§<!"$(#"$(&#!"$'#"$&& < 1"$%H"$+E&A!I"BH "B #"$,&#‘."#"$(&§
B l"SH"SEHI"SH "SR < I"$H"SHEAI"SHS+&  # S Q" H"$H&S
"#$% I"#$% 1B
L =Hraen s 1
Pt % I"#$% 1"
"I'RY$ "# s 1"%&H# "%
¢ ,) =$!"%*#"%'$ 1"00+1"%'$ !'gj
BNH" %S "%&H"%'S 'Y
RS 'S 1"%0&H"R
#G 8, ) =$!"%&#"$ 1"0o*H"$ !"#'g
B%H"S "%+#"$ 1"#"Y
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Therefore, I" * ,#! KI" " #TK
But, N(1" ", #)=N(KI" * #TK)=I"#"$

Similarly,
TherefOI'e, !II /jll , # ! K!II ’ull , # T K

But, N(I" " #)=NEK!" *  #TK)=!"#"$

VI. Conclusion

The theorems explain the properties of RS and KS IVIFMs. With the help of relevant
examples, we introduced the concept of KS and k-KS IVIFMs. We also explored different results
relating to — KS-IVIFMs and provided examples that helped explain these findings. In the future,
we will prove additional properties relating to g-inverses of k-Kernel Symmetric [IVNFMs.
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