
Advances in Mechanics 
Volume 11, Issue 2, 2023 
Page 176-185 

 
 
 
 

176 
 
 

SOME NEW FIXED POINT RESULTS IN b-METRIC SPACES 
 

𝐌𝐚𝐧𝐨𝐣 𝐊𝐮𝐦𝐚𝐫 𝐒𝐡𝐫𝐢𝐰𝐚𝐬𝟏, 𝐔𝐫𝐦𝐢𝐥𝐚 𝐌𝐢𝐬𝐡𝐫𝐚𝟐, 𝐀. 𝐊. 𝐃𝐮𝐛𝐞𝐲𝟑, 𝐑. 𝐏. 𝐃𝐮𝐛𝐞𝐲𝟒 

Department of Mathematics, Dr C. V. Raman University, Kota,   Bilaspur (C. G. ) India.ଵ,ସ  

Department of Mathematics, Vishvavidyalay Engineering collage, Lakhanpur (C. G. ) India.ଶ  

Department of Mathematics, Bhilai Institute of Technology, Durg (C. G. ) Indiaଷ . 
shriwasmanoj1981@gmail.com, mishra.urmila@gmail.com, anilkumardby70@gmail.com 

 
Abstract 
In this study, we establish some fixed point theorems for novel contractive-type conditions for 
mappings in b-metric spaces. Some well-known fixed point-related results in the literature are 
improved, generalized and extended by our results.  
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1. INTRODUCTION 
 Bakhtin [2] introduced the notion of b-metric space in 1989 and Czerwik [8] provided a formal 
definition in 1993. b-metric spaces are a generalization of metric spaces where the notion of 
distance satisfies certain properties akin to those of metrics, but not necessarily all. They are useful 
in extending various results from metric spaces to a broader setting. 
One notable difference between b-metric spaces and traditional metric spaces is that the b-metric 
function may not necessarily be continuous within the topology it generates. This property 
distinguishes b-metric spaces from metric spaces and can have implications for the applicability 
and generalization of certain theorems. For instance, Example 2.6 of reference [16] likely provides 
a specific instance where the b-metric 𝑑 is not continuous in the associated topology, illustrating 
a characteristic feature of b-metric spaces.  
Researchers have explored various aspects of b-metric spaces and have contributed to the 
generalization of fixed point theorems in this context. References [3, 6, 9, 11, 12, 13, 14, 17], along 
with their respective citations, likely discuss these developments and related works in the field. 
The unique fixed point theorem for weakly-contractive mappings was recently established by 
Chaudhary et al. [7]. Fixed point theory for multivalued generalized contraction on an asset with 
two b-metric spaces was demonstrated by Boriceanu [5]. A fixed point theorem for set valued 
quasi-contractions in b-metric space was established by Aydi et al. [1]. Berinde [4] proved Iterative 
Approximation of fixed points. In this attempt we establish fixed point theorems using new 
contractive type conditions for mappings defined on b-metric space. Our results are extensions of 
the findings in [15]. 
 
2. PRELIMINARIES 
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Definition 2.1[2] : Let 𝑋 be a non-empty set and let  𝑠 ≥ 1 be a given real number. A function 
𝑑: 𝑋 × 𝑋 → 𝑅ା , is called a b-metric provided that, for all 𝑝, 𝑞, 𝑟 ∈ 𝑋,  
1)  𝑑(𝑝, 𝑞) = 0 iff 𝑝 = 𝑞, 
2) 𝑑(𝑝, 𝑞) = 𝑑(𝑞, 𝑝), 
3) d(p, r) ≤ 𝑠[𝑑(𝑝, 𝑞) + 𝑑(𝑞, 𝑟)].  

A pair  (𝑋, 𝑑)  is called a b-metric space. It is clear that definition of b-metric space is extension 
of usual metric space. 
Example 2.1[5] : The space 𝑙௫(0 < 𝑥 < 1), 
𝑙௫ =  {(𝑝௡) ⊂ ℝ ∶  ∑ |𝑝௡|௫ஶ

௡ୀଵ <  ∞}, 
together with the function 𝑑: 𝑙௫ × 𝑙௫ →  ℝ 

𝑑(𝑝, 𝑞) = (∑ |𝑝௡ − 𝑞௡|௫ஶ
௡ୀଵ )

భ

ೣ, 
Where 𝑝 = 𝑝௡, 𝑞 = 𝑞௡ ∈ 𝑙௫ is a b-metric space. By an elementary calculation we obtain that 

d(p, r) ≤
ଵ

ଶೣ
[𝑑(𝑝, 𝑞) + 𝑑(𝑞, 𝑟)]. 

Example 2.2 [5] : The 𝐿௫(0 < 𝑥 < 1 ) of all real functions 𝑝(𝑡), 𝑡 ∈ [0, 1] such that 

∫ |𝑝(𝑡)|௫𝑑𝑡 <  ∞
ଵ

଴
, is b-metric space if we take 

𝑑(𝑝, 𝑞) =  ቂ∫ |𝑝(𝑡) − 𝑞(𝑡)|௫𝑑𝑡
ଵ

଴
ቃ

భ

ೣ, 

for each 𝑝, 𝑞 ∈ 𝐿௫. 
Definition 2.2[5] : Let (𝑋, 𝑑) be a metric space. Then a sequence {𝑝௡} in 𝑋 is called a Cauchy 
sequence if and only if for all 𝜀 > 0 there exist 𝑛(𝜀) ∈ 𝑁 such that for each 𝑛, 𝑚 ≥ 𝑛(𝜀) we have 
𝑑(𝑝௡, 𝑝௠) <  𝜀. 
Definition 2.3[5] : Let (𝑋, 𝑑) be a metric space. Then a sequence {𝑝௡} in 𝑋 is called a convergent 
sequence if and only if 𝑝 ∈ 𝑋, then there exist 𝑛(𝜀) ∈ 𝑁 such that for all  𝑛 ≥ 𝑛(𝜀) we have 
𝑑(𝑝௡, 𝑝) < 𝜀. In this case, we write lim௡→ஶ 𝑝௡ = 𝑝. 
Definition 2.4[5] : The b-metric space is complete if every Cauchy sequence convergent. 
Definition 2.5[4] : Let 𝐸 be a non-empty set and 𝑇 ∶ 𝐸 → 𝐸 a self map. We say that 𝑝 ∈ 𝐸 is a 
fixed point of  𝑇 if  𝑇(𝑝) = 𝑝 and denote by 𝐹𝑇 or 𝐹𝑖𝑝(𝑇)  the set of all fixed point of  𝑇. Let 𝐸 
be any set and 𝑇 ∶ 𝐸 → 𝐸 a self map.  

For any given 𝑝 ∈ 𝐸 we define 𝑇௡(𝑝) inductively by  𝑇଴(𝑝) = 𝑝 and 𝑇௡ାଵ(𝑝) = 𝑇൫𝑇௡(𝑝)൯, we 

recall 𝑇௡(𝑝), the 𝑛௧௛ iterative of 𝑝 under 𝑇. For any 𝑝଴ ∈ 𝑋, the sequence {𝑝௡}௡ஹ଴ ⊂ 𝑋 given by 
𝑝௡ = 𝑇𝑝௡ିଵ = 𝑇௡𝑝଴, 𝑛 = 1,2, …   
is called the sequence of successive approximations with the initial value 𝑝଴. It is also known as 
the Picard iteration starting at 𝑝଴. 
Definition 2.6[4] : Let (𝑋, 𝑑) be metric space. A mapping 𝑇 ∶ 𝑋 → 𝑋 is called weak contraction if 
there exists a constant  𝛿 ∈ (0, 1) and some 𝐿 ≥ 0 such that 
                                              𝑑(𝑇𝑝, 𝑇𝑞) ≤ 𝛿𝑑(𝑝, 𝑞) + 𝐿𝑑(𝑞, 𝑇𝑝)                                                   (2.1) 
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Remark 2.7[4] : Due to symmetry of the distance, the weak contractive condition (2.1) imply 
implicity includes the following dual one 
                                                    𝑑(𝑇𝑝, 𝑇𝑞) ≤ 𝛿𝑑(𝑝, 𝑞) + 𝐿𝑑(𝑝, 𝑇𝑞)                                                    (2.2) 
∀ 𝑝, 𝑞 ∈ 𝑋. 
In order to check the weak contractiveness of 𝑇; it is necessary to check both (2.1) and (2.2). It is 
clear that any contraction mapping is also weak contraction mapping in a metric space.  
 
3. MAIN RESULTS 
In this section, we give some fixed point theorems in b-metric space. 
Theorem 3.1: Let (𝑋, 𝑑) be a complete b-metric space with constant 𝑠 ≥ 1 and define the 
sequence {𝑝௡}௡ୀଵ

ஶ ⊂ 𝑋 by the recursion  
𝑝௡ = 𝑇𝑝௡ିଵ = 𝑇௡𝑝଴. 
Let 𝑇: 𝑋 → 𝑋 be a mapping such that 
 𝑑(𝑇𝑝, 𝑇𝑞) ≤ 𝛼ଵ𝑑(𝑝, 𝑞) +  𝛼ଶ𝑑(𝑞, 𝑇𝑝) + 𝛼ଷ𝑑(𝑝, 𝑇𝑞) +  𝛼ସ[𝑑(𝑝, 𝑇𝑝) +  𝑑(𝑞, 𝑇𝑞)],            (3.1) 
where 𝛼ଵ + 𝛼ଶ + 2𝑠𝛼ଷ + 2𝛼ସ ≤ 1 
∀ 𝑝, 𝑞 ∈ 𝑋 then there exists 𝑝∗ ∈ 𝑋 such that 𝑝௡ → 𝑝∗ and 𝑝∗ is a unique fixed point. 
Proof: Let 𝑝଴ ∈ 𝑋 and  {𝑝௡}௡ୀଵ

ஶ ⊂ 𝑋 be a sequence in 𝑋 defined as 
                                                     𝑝௡ = 𝑇𝑝௡ିଵ = 𝑇௡𝑝଴, 𝑛 = 1,2,3, …                                             (3.2) 
By (3.1) and (3.2) we obtain that 

𝑑(𝑝௡, 𝑝௡ାଵ) = 𝑑(𝑇𝑝௡ିଵ, 𝑇𝑝௡) 
               ≤ 𝛼ଵ𝑑(𝑝௡ିଵ, 𝑝௡) + 𝛼ଶ𝑑(𝑝௡ , 𝑇𝑝௡ିଵ) + 𝛼ଷ𝑑(𝑝௡ିଵ, 𝑇𝑝௡ ) + 𝛼ସ[ 𝑑( 𝑝௡ିଵ, 𝑇𝑝௡ିଵ) 

                                                                                                          + 𝑑(𝑝௡ , 𝑇𝑝௡)] 
  ≤ 𝛼ଵ𝑑(𝑝௡ିଵ, 𝑝௡) + 𝛼ଶ𝑑(𝑝௡ , 𝑝௡) + 𝛼ଷ𝑑(𝑝௡ିଵ, 𝑝௡ାଵ ) + 𝛼ସ[𝑑( 𝑝௡ିଵ, 𝑝௡ ) 

                                                                                              + 𝑑(𝑝௡, 𝑝௡ାଵ)] 
 

 ≤ 𝛼ଵ𝑑(𝑝௡ିଵ, 𝑝௡) + 𝑠𝛼ଷ[𝑑( 𝑝௡ିଵ, 𝑝௡ ) + 𝑑(𝑝௡, 𝑝௡ାଵ )] + 𝛼ସ 𝑑( 𝑝௡ିଵ, 𝑝௡ ) 
                                                                                                          + 𝛼ସ𝑑(𝑝௡, 𝑝௡ାଵ ) 

   ≤ 𝛼ଵ𝑑(𝑝௡ିଵ, 𝑝௡) + 𝑠𝛼ଷ𝑑( 𝑝௡ିଵ, 𝑝௡ ) + 𝑠𝛼ଷ𝑑(𝑝௡, 𝑝௡ାଵ ) + 𝛼ସ 𝑑( 𝑝௡ିଵ, 𝑝௡ ) 
                                                                                                               + 𝛼ସ𝑑(𝑝௡, 𝑝௡ାଵ ) 

                             ≤ (𝛼ଵ + 𝑠𝛼ଷ + 𝛼ସ)𝑑(𝑝௡ିଵ, 𝑝௡) + (𝑠𝛼ଷ + 𝛼ସ)𝑑(𝑝௡, 𝑝௡ାଵ) 
⇒ (1 − 𝑠𝛼ଷ − 𝛼ସ)𝑑(𝑝௡, 𝑝௡ାଵ) ≤ (𝛼ଵ + 𝑠𝛼ଷ + 𝛼ସ)𝑑(𝑝௡ିଵ, 𝑝௡) 
                          ≤ 𝑘𝑑(𝑝௡ିଵ, 𝑝௡) 

where 𝑘 =
ఈభା௦ఈయାఈర

ଵି௦ఈయିఈర
≤ 1 

As 𝛼ଵ + 𝛼ଶ + 2𝑠𝛼ଷ + 2𝛼ସ ≤ 1, 
𝛼ଵ + 𝑠𝛼ଷ + 𝛼ସ ≤ 1 − 𝑠𝛼ଷ − 𝛼ସ 

𝛼ଵ + 𝑠𝛼ଷ + 𝛼ସ

1 − 𝑠𝛼ଷ − 𝛼ସ
≤ 1 

𝑑(𝑝௡, 𝑝௡ାଵ) ≤ 𝑘𝑑(𝑝௡ିଵ, 𝑝௡) 
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≤ 𝑘ଶ𝑑(𝑝௡ିଶ, 𝑝௡ିଵ) 
Continuing this process, we get 
≤ 𝑘௡𝑑(𝑝଴, 𝑝ଵ). 
Now, we show that {𝑝௡}௡ୀଵ

ஶ  is a Cauchy sequence in 𝑋. Let 𝑚, 𝑛 > 0 with 𝑚 > 𝑛 
𝑑(𝑝௡, 𝑝௠) ≤  𝑠𝑑(𝑝௡, 𝑝௡ାଵ) + 𝑠ଶ𝑑(𝑝௡ାଵ, 𝑝௡ାଶ) + 𝑠ଷ𝑑(𝑝௡ାଶ, 𝑝௡ାଷ) + − − − 
                               ≤ 𝑠𝑘௡𝑑(𝑝ଵ, 𝑝଴) + 𝑠ଶ𝑘௡ାଵ𝑑(𝑝ଵ, 𝑝଴) +  − − − + 𝑠௠𝑘௡ା௠ିଵ𝑑(𝑝ଵ, 𝑝଴) 
         ≤ 𝑠𝑘௡𝑑(𝑝ଵ, 𝑝଴)[1 + (𝑠𝑘) + (𝑠𝑘)ଶ + − − − + (𝑠𝑘)௠ିଵ] 

                                           ≤ 𝑠𝑘௡𝑑(𝑝ଵ, 𝑝଴) ቂ
ଵି(௦௞)೙ష(೘షభ)

ଵି௦௞
ቃ. 

When we take 𝑚, 𝑛 → ∞ 
lim௡→ஶ 𝑑(𝑝௡, 𝑝௠) = 0. 
Hence  {𝑝௡}௡ୀଵ

ஶ  is a Cauchy sequence in 𝑋. Since {𝑝௡}௡ୀଵ
ஶ  is a Cauchy sequence, {𝑝௡}  converges 

to 𝑝∗ ∈ 𝑋. 
Now we show that 𝑝∗ is the unique fixed point of 𝑇. 
𝑑(𝑝∗, 𝑇𝑝∗) ≤ 𝑠[𝑑(𝑝∗, 𝑝௡ାଵ) + 𝑑(𝑝௡ାଵ, 𝑇𝑝∗)] 
                        ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ) + 𝑠𝑑(𝑇𝑝௡, 𝑇𝑝∗) 
≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ)+ 𝑠𝛼ଵ𝑑(𝑝௡, 𝑝∗) + 𝑠𝛼ଶ𝑑(𝑝∗, 𝑇𝑝௡) 

                +𝑠𝛼ଷ𝑑(𝑝௡, 𝑇𝑝∗) + 𝑠𝛼ସ[𝑑(𝑝௡, 𝑇𝑝௡) + 𝑑(𝑝∗, 𝑇𝑝∗)] 
                             ⟹ 𝑑(𝑝∗, 𝑇𝑝∗)  ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ)+ 𝑠𝛼ଵ𝑑(𝑝௡, 𝑝∗) + 𝑠𝛼ଶ𝑑(𝑝∗, 𝑝௡ାଵ) 

                                  +𝑠𝛼ଷ𝑑(𝑝௡, 𝑇𝑝∗)  + 𝑠𝛼ସ𝑑(𝑝௡, 𝑝௡ାଵ) + 𝑠𝛼ସ(𝑝∗, 𝑇𝑝∗)] 
                                                      ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ)+ 𝑠𝛼ଵ𝑑(𝑝௡, 𝑝∗) + 𝑠𝛼ଶ𝑑(𝑝∗, 𝑝௡ାଵ) +

𝑠ଶ𝛼ଷ𝑑(𝑝௡, 𝑝∗) 
+ 𝑠ଶ𝛼ଷ𝑑( 𝑝∗, 𝑇𝑝∗) + 𝑠ଶ𝛼ସ𝑑(𝑝௡, 𝑝∗) 

                                                                +𝑠ଶ𝛼ସ𝑑(𝑝∗, 𝑝௡ାଵ )+𝑠𝛼ସ𝑑( 𝑝∗, 𝑇𝑝∗) 
               ⟹ (1 − 𝑠ଶ𝛼ଷ − 𝑠𝛼ସ)𝑑(𝑝∗, 𝑇𝑝∗) ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ)+ 𝑠𝛼ଵ𝑑(𝑝௡, 𝑝∗) + 𝑠𝛼ଶ𝑑(𝑝∗, 𝑝௡ାଵ) 

                                                                                           +𝑠ଶ𝛼ଷ𝑑(𝑝௡, 𝑝∗) + 𝑠ଶ𝛼ସ𝑑(𝑝௡, 𝑝∗)

+ 𝑠ଶ𝛼ସ𝑑(𝑝∗, 𝑝௡ାଵ ). 
          ⇒ (1 − 𝑠ଶ𝛼ଷ − 𝑠𝛼ସ)𝑑(𝑝∗, 𝑇𝑝∗)  ≤ (𝑠 + 𝑠𝛼ଶ + 𝑠ଶ𝛼ସ)𝑑(𝑝௡ାଵ, 𝑝∗ ) 
                                                                                     +(𝑠𝛼ଵ + 𝑠ଶ𝛼ଷ  + 𝑠ଶ𝛼ସ)𝑑(𝑝௡, 𝑝∗)  

                               ⇒  𝑑(𝑝∗, 𝑇𝑝∗) ≤  
൫௦ା௦ఈమା௦మఈర൯

ଵି௦మఈయି௦ఈర
 𝑑(𝑝௡ାଵ, 𝑝∗ ) +

(௦ఈభା௦మఈయା௦మఈర)

ଵି௦మఈయି௦ఈర
𝑑(𝑝௡, 𝑝∗) 

𝑑(𝑝∗, 𝑇𝑝∗)  ≤ 0 as 𝑛 → ∞. Now we show that 𝑝∗ is the fixed point of 𝑇. Assume that 𝑝ᇱ is another 
fixed point of 𝑇, then we have 𝑇𝑝ᇱ = 𝑝ᇱ and 
                     𝑑(𝑝∗, 𝑝ᇱ) = 𝑑(𝑇𝑝∗, 𝑇𝑝ᇱ) 
                                       ≤ 𝛼ଵ𝑑(𝑝∗, 𝑝ᇱ) + 𝛼ଶ𝑑(𝑝ᇱ, 𝑇𝑝∗) + 𝛼ଷ𝑑(𝑝∗, 𝑇𝑝ᇱ) + 𝛼ସ[𝑑(𝑝∗, 𝑇𝑝∗) +

𝑑(𝑝ᇱ, 𝑇𝑝ᇱ)] 
                                       ≤ 𝛼ଵ𝑑(𝑝∗, 𝑝ᇱ) + 𝛼ଶ𝑑(𝑝ᇱ, 𝑝∗) + 𝛼ଷ𝑑(𝑝∗, 𝑝ᇱ) + 𝛼ସ[𝑑(𝑝∗, 𝑝∗) + 𝑑(𝑝ᇱ, 𝑝ᇱ)] 
                                       ≤ 𝛼ଵ𝑑(𝑝∗, 𝑝ᇱ) + 𝛼ଶ𝑑(𝑝ᇱ, 𝑝∗) + 𝛼ଷ𝑑(𝑝∗, 𝑝ᇱ)  = (𝛼ଵ + 𝛼ଶ + 𝛼ଷ)𝑑(𝑝∗, 𝑝ᇱ) 
which implies that  𝑝∗ = 𝑝ᇱ. 
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Theorem 3.2: Let (𝑋, 𝑑) be a complete b-metric space with constant 𝑠 ≥ 1. Let 𝑇: 𝑋 → 𝑋 be a 

mapping for which there exist 𝛼 ∈ [0,
ଵ

ଶ
) such that 

                                                     𝑑(𝑇𝑝, 𝑇𝑞) ≤  𝛼[𝑑(𝑝, 𝑞) + 𝑑(𝑞, 𝑇𝑞)]                                                (3.3) 
∀ 𝑝, 𝑞 ∈ 𝑋 then there exists 𝑝∗ ∈ 𝑋 such that 𝑝௡ → 𝑝∗ and 𝑝∗ is a unique fixed point of  𝑇. 
Proof: Let 𝑝଴ ∈ 𝑋 and  {𝑝௡}௡ୀଵ

ஶ ⊂ 𝑋 be a sequence in 𝑋 defined as 
                                             𝑝௡ = 𝑇𝑝௡ିଵ = 𝑇௡𝑝଴, n = 1,2,3, …                                                  (3.4) 
By using (3.3) we obtain that 

𝑑(𝑝௡, 𝑝௡ାଵ) = 𝑑(𝑇𝑝௡ିଵ, 𝑇𝑝௡) 
                                                    ≤  𝛼[𝑑(𝑝௡ିଵ, 𝑝௡) + 𝑑(𝑝௡, 𝑇𝑝௡ )] 

                                                                                            ≤ 𝛼[𝑑(𝑝௡ିଵ, 𝑝௡) + 𝑑(𝑝௡, 𝑝௡ାଵ )] 
                                                                                            ≤ 𝛼𝑑(𝑝௡ିଵ, 𝑝௡) + 𝛼𝑑(𝑝௡, 𝑝௡ାଵ ) 

              ⇒ (1 − 𝛼)𝑑(𝑝௡, 𝑝௡ାଵ ) ≤ 𝛼𝑑(𝑝௡ିଵ, 𝑝௡) 

         𝑑(𝑝௡, 𝑝௡ାଵ) ≤  
𝛼

1 − 𝛼
𝑑(𝑝௡ିଵ, 𝑝௡) 

                                                                                              ≤ 𝑘𝑑(𝑝௡ିଵ, 𝑝௡) 

               Where 𝑘 =
ఈ

ଵିఈ
≤ 1 

        As 2𝛼 ≤ 1 
                                                                               ⇒ 𝛼 ≤ 1 − 𝛼 

                                                                                  
𝛼

1 − 𝛼
≤ 1 

𝑑(𝑝௡, 𝑝௡ାଵ) ≤ 𝑘௡𝑑(𝑝ଵ, 𝑝଴) 
Thus 𝑇 is a contraction mapping. 
Now, we show that  {𝑝௡}௡ୀଵ

ஶ  is a Cauchy sequence in 𝑋. Let 𝑚, 𝑛 > 0 with 𝑚 > 𝑛 
    𝑑(𝑝௡, 𝑝௠) ≤ 𝑠[𝑑(𝑝௡, 𝑝௡ାଵ) + 𝑑(𝑝௡ାଵ, 𝑝௠)] 

                                                           ≤ 𝑠𝑑(𝑝௡, 𝑝௡ାଵ) + 𝑠ଶ𝑑(𝑝௡ାଵ, 𝑝௡ାଶ) +  𝑠ଷ𝑑(𝑝௡ାଶ, 𝑝௡ାଷ) 
                             + − − − +𝑠௠𝑑(𝑝௡ା௠ିଵ, 𝑝௠) 

                                  
                             𝑑(𝑝௡, 𝑝௠) ≤ 𝑠𝑘௡𝑑(𝑝ଵ, 𝑝଴) + 𝑠ଶ𝑘௡ାଵ𝑑(𝑝ଵ, 𝑝଴) + − − − +

𝑠௠𝑘௡ା௠ିଵ𝑑(𝑝ଵ, 𝑝଴) 
              ≤ (𝑠𝑘௡)𝑑(𝑝ଵ, 𝑝଴)[1 + (𝑠𝑘) + (𝑠𝑘)ଶ + (𝑠𝑘)௠ିଵ] 

                                                            ≤ (𝑠𝑘௡)𝑑(𝑝ଵ, 𝑝଴)[
1 − (𝑠𝑘)௡ି(௠ିଵ)

1 − 𝑠𝑘
 ] 

when we take 𝑚, 𝑛 → ∞ 
lim௡→ஶ 𝑑(𝑝௡, 𝑝௠) = 0. 
Hence  {𝑝௡}௡ୀଵ

ஶ  is a Cauchy sequence in 𝑋. Since {𝑝௡}௡ୀଵ
ஶ  is a Cauchy sequence,  {𝑝௡}  converges 

to 𝑝∗ ∈ 𝑋. 
Now we show that 𝑝∗ is the unique fixed point of 𝑇. 
𝑑(𝑝∗, 𝑇𝑝∗) ≤ 𝑠[𝑑(𝑝∗, 𝑝௡) + 𝑑(𝑝௡, 𝑇𝑝∗)] 
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𝑑(𝑝∗, 𝑇𝑝∗)  ≤ 𝑠[𝑑(𝑝∗, 𝑝௡) + 𝑑(𝑇𝑝௡ିଵ, 𝑇𝑝∗)] 
                      ≤ 𝑠𝑑(𝑝∗, 𝑝௡) + 𝑠𝑑(𝑇𝑝௡ିଵ, 𝑇𝑝∗) 
                             ≤ 𝑠𝑑(𝑝∗, 𝑝௡) + 𝑠𝛼[𝑑(𝑝௡ିଵ, 𝑝∗) + 𝑑(𝑝∗, 𝑇𝑝∗)] 
                                                                              ≤ 𝑠𝑑(𝑝௡, 𝑝∗) + 𝑠𝛼𝑑(𝑝௡ିଵ, 𝑝∗) + 𝑠𝛼𝑑(𝑝∗, 𝑇𝑝∗) 
               ⇒ (1 − 𝑠𝛼) 𝑑(𝑝∗, 𝑇𝑝∗) ≤ 𝑠𝑑(𝑝௡, 𝑝∗) + 𝑠𝛼𝑑(𝑝௡ିଵ, 𝑝∗) 

lim௡→ஶ𝑑(𝑝∗, 𝑇𝑝∗) = 0 
𝑖. 𝑒 𝑇𝑝∗ = 𝑝∗ 

Now we show that 𝑝∗ is the fixed point of 𝑇 . Assume that 𝑝ᇱ is another fixed point of 𝑇, then we 
have 𝑇𝑝ᇱ = 𝑝ᇱ and 

𝑑(𝑝∗, 𝑝ᇱ) = 𝑑(𝑇𝑝∗, 𝑇𝑝ᇱ) 
                                    ≤ 𝛼[𝑑(𝑝∗, 𝑝ᇱ) + 𝑑(𝑝ᇱ, 𝑇𝑝ᇱ)] 

𝑑(𝑝∗, 𝑝ᇱ) ≤ 𝛼𝑑(𝑝∗, 𝑝ᇱ) 
(1 − 𝛼)𝑑(𝑝∗, 𝑝ᇱ) ≤ 0 

which implies that  𝑝∗ = 𝑝ᇱ. 
This completes the proof. 
 
Theorem 3.3: Let (𝑋, 𝑑) be a complete b-metric space with constant 𝑠 ≥ 1 and define the 
sequence {𝑝௡}௡ୀଵ

ஶ ⊂ 𝑋 by the recursion  
𝑝௡ = 𝑇𝑝௡ିଵ = 𝑇௡𝑝଴. 
Let 𝑇 ∶ 𝑋 → 𝑋 be a mapping such that 
                  𝑑(𝑇𝑝, 𝑇𝑞) ≤ 𝛼ଵ𝑑(𝑝, 𝑞) +  𝛼ଶ𝑑(𝑝, 𝑇𝑞) +  𝛼ଷ𝑑(𝑞, 𝑇𝑞) +  𝛼ସ[ 𝑑(𝑝, 𝑇𝑝) +  𝑑(𝑞, 𝑇𝑞)],     
(3.5) 
where  𝛼ଵ + 2𝑠𝛼ଶ + 𝛼ଷ + 2𝛼ସ ≤ 1 and ∀ 𝑝, 𝑞 ∈ 𝑋 then there exists 𝑝∗ ∈ 𝑋 such that 𝑝௡ → 𝑝∗ and 
𝑝∗ is a unique fixed point. 
Proof: Let 𝑝଴ ∈ 𝑋 and  {𝑝௡}௡ୀଵ

ஶ ⊂ 𝑋  be a sequence in 𝑋 defined as 
                                                  𝑝௡ = 𝑇𝑝௡ିଵ = 𝑇௡𝑝଴, n = 1,2,3,…                                               (3.6) 
 
By (3.5) and (3.6) we obtain that 

𝑑(𝑝௡, 𝑝௡ାଵ) = 𝑑(𝑇𝑝௡ିଵ, 𝑇𝑝௡) 
                          ≤ 𝛼ଵ𝑑(𝑝௡ିଵ, 𝑝௡) + 𝛼ଶ𝑑( 𝑝௡ିଵ, 𝑇𝑝௡)

+ 𝛼ଷ𝑑(𝑝௡, 𝑇𝑝௡ )                                                                

+ 𝛼ସ[𝑑(𝑝௡ିଵ , 𝑇𝑝௡ିଵ)

+ 𝑑(𝑝௡, 𝑇𝑝௡)]                                                                                            
                        = 𝛼ଵ𝑑 (𝑝௡ିଵ, 𝑝௡) + 𝑠𝛼ଶ[𝑑( 𝑝௡ିଵ, 𝑝௡ ) + 𝑑(𝑝௡, 𝑝௡ାଵ)] + 𝛼ଷ𝑑(𝑝௡, 𝑝௡ାଵ)

+ 𝛼ସ[𝑑(𝑝௡ିଵ, 𝑝௡) + 𝑑(𝑝௡, 𝑝௡ାଵ)] 
                         ≤ 𝛼ଵ𝑑(𝑝௡ିଵ, 𝑝௡) + 𝑠𝛼ଶ𝑑( 𝑝௡ିଵ, 𝑝௡) + 𝑠𝛼ଶ𝑑(𝑝௡, 𝑝௡ାଵ) + 𝛼ଷ𝑑(𝑝௡, 𝑝௡ାଵ)

+ 𝛼ସ[𝑑(𝑝௡ିଵ, 𝑝௡) + 𝑑(𝑝௡, 𝑝௡ାଵ )]  
                      = (𝛼ଵ + 𝑠𝛼ଶ + 𝛼ସ)𝑑(𝑝௡ିଵ, 𝑝௡) + (𝑠𝛼ଶ + 𝛼ଷ + 𝛼ସ)𝑑(𝑝௡, 𝑝௡ାଵ) 
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               ⇒ (1 − 𝑠𝛼ଶ − 𝛼ଷ − 𝛼ସ)𝑑(𝑝௡, 𝑝௡ାଵ) ≤ (𝛼ଵ + 𝑠𝛼ଶ + 𝛼ସ)𝑑(𝑝௡ିଵ, 𝑝௡) 
≤ 𝑘𝑑(𝑝௡ିଵ, 𝑝௡) 

where 𝑘 =
ఈభା௦ఈమାఈర

ଵି௦ఈమିఈయିఈర
≤ 1 

As 𝛼ଵ + 2𝑠𝛼ଶ + 𝛼ଷ + 2𝛼ସ ≤ 1 
𝛼ଵ + 𝑠𝛼ଶ + 𝛼ସ ≤ 1 − 𝑠𝛼ଶ − 𝛼ଷ − 𝛼ସ 

𝛼ଵ + 𝑠𝛼ଶ + 𝛼ସ

1 − 𝑠𝛼ଶ − 𝛼ଷ − 𝛼ସ
≤ 1 

𝑑(𝑝௡, 𝑝௡ାଵ) ≤ 𝑘𝑑(𝑝௡ିଵ, 𝑝௡) 
≤ 𝑘ଶ𝑑(𝑝௡ିଶ, 𝑝௡ିଵ) 
Continuing this process, we get 
𝑑(𝑝௡, 𝑝௡ାଵ) ≤ 𝑘௡𝑑(𝑝଴, 𝑝ଵ). 
Now, we show that {𝑝௡}௡ୀଵ

ஶ  is a Cauchy sequence in 𝑋. Let 𝑚, 𝑛 > 0 with 𝑚 > 𝑛, 
𝑑(𝑝௡, 𝑝௡ାଵ) ≤  𝑠𝑑(𝑝௡, 𝑝௡ାଵ) + 𝑠ଶ𝑑(𝑝௡ାଵ, 𝑝௡ାଶ) + 𝑠ଷ𝑑(𝑝௡ାଶ, 𝑝௡ାଷ) + − − − 
                         ≤ 𝑠𝑘௡𝑑(𝑝ଵ, 𝑝଴) + 𝑠ଶ𝑘௡ାଵ𝑑(𝑝ଵ, 𝑝଴) +  − − − + 𝑠௠𝑘௡ା௠ିଵ𝑑(𝑝ଵ, 𝑝଴) 
       ≤ 𝑠𝑘௡𝑑(𝑝ଵ, 𝑝଴)[1 + (𝑠𝑘) + (𝑠𝑘)ଶ + − − − + (𝑠𝑘)௠ିଵ] 

                                                ≤ 𝑠𝑘௡𝑑(𝑝ଵ, 𝑝଴) ቂ
ଵି(௦௞)೙ష(೘షభ)

ଵି௦௞
ቃ. 

When we take 𝑚, 𝑛 → ∞ 
lim௡→ஶ 𝑑(𝑝௡, 𝑝௠) = 0. 
Hence  {𝑝௡}௡ୀଵ

ஶ  is a Cauchy sequence in 𝑋. Since {𝑝௡}௡ୀଵ
ஶ  is a Cauchy sequence,  {𝑝௡}  converges 

to 𝑝∗ ∈ 𝑋. 
Now we show that 𝑝∗ is the unique fixed point of 𝑇. 
𝑑(𝑝∗, 𝑇𝑝∗) ≤ 𝑠[𝑑(𝑝∗, 𝑝௡ାଵ) + 𝑑(𝑝௡ାଵ, 𝑇𝑝∗)] 
𝑑(𝑝∗, 𝑇𝑝∗) ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ) + 𝑠𝑑(𝑝௡ାଵ, 𝑇𝑝∗) 
                   ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ) + 𝑠𝑑(𝑇𝑝௡, 𝑇𝑝∗) 
                                                  ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ)+ 𝑠𝛼ଵ𝑑(𝑝௡, 𝑝∗) +  𝑠𝛼ଶ𝑑(𝑝௡, 𝑇𝑝∗) 
                                                      + 𝑠𝛼ଷ𝑑(𝑝∗, 𝑇𝑝∗) +  𝑠𝛼ସ[𝑑(𝑝௡, 𝑇𝑝௡) + 𝑑(𝑝∗, 𝑇𝑝∗)] 
⟹ 𝑑(𝑝∗, 𝑇𝑝∗)  ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ)+ 𝑠𝛼ଵ𝑑(𝑝௡, 𝑝∗) + 𝑠𝛼ଶ𝑑(𝑝௡, 𝑇𝑝∗) + 𝑠𝛼ଷ𝑑(𝑝∗, 𝑇𝑝∗) 
+ 𝑠𝛼ସ𝑑(𝑝௡, 𝑝௡ାଵ) + 𝑠𝛼ସ𝑑(𝑝∗, 𝑇𝑝∗) 
                                 ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ)+ 𝑠𝛼ଵ𝑑(𝑝௡, 𝑝∗) + 𝑠ଶ𝛼ଶ𝑑(𝑝௡, 𝑝∗) + 𝑠ଶ𝛼ଶ𝑑(𝑝∗, 𝑇𝑝∗) 
                                                         + 𝑠𝛼ଷ𝑑(𝑝∗, 𝑇𝑝∗) + 𝑠ଶ𝛼ସ𝑑(𝑝௡, 𝑝∗) + 𝑠ଶ𝛼ସ𝑑(𝑝∗, 𝑝௡ାଵ )

+ 𝑠𝛼ସ𝑑( 𝑝∗, 𝑇𝑝∗)] 
(1 − 𝑠ଶ𝛼ଶ − 𝑠𝛼ଷ − 𝑠𝛼ସ)𝑑(𝑝∗, 𝑇𝑝∗) ≤ 𝑠𝑑(𝑝∗, 𝑝௡ାଵ)+ 𝑠𝛼ଵ𝑑(𝑝௡, 𝑝∗) + 𝑠ଶ𝛼ଶ𝑑(𝑝∗, 𝑝௡) 

                                                        +𝑠ଶ𝛼ସ𝑑(𝑝௡, 𝑝∗) +  𝑠ଶ𝛼ସ𝑑(𝑝∗, 𝑝௡ାଵ) 
⇒ (1 − 𝑠ଶ𝛼ଶ − 𝑠𝛼ଷ − 𝑠𝛼ସ)𝑑(𝑝∗, 𝑇𝑝∗)  

≤ (𝑠 + 𝑠ଶ𝛼ସ)𝑑(𝑝௡ାଵ, 𝑝∗ ) + (𝑠𝛼ଵ + 𝑠ଶ𝛼ଶ + 𝑠ଶ𝛼ସ)𝑑(𝑝௡, 𝑝∗) 

     ⇒  𝑑(𝑝∗, 𝑇𝑝∗) ≤  
௦ା௦మఈర

ଵି௦మఈమି௦ఈయି௦ఈర
 𝑑(𝑝௡ାଵ, 𝑝∗ ) +

௦ఈభା௦మఈమା௦మఈర

ଵି௦మఈమି௦ఈయି௦ఈర
𝑑(𝑝௡, 𝑝∗) 
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𝑑(𝑝∗, 𝑇𝑝∗)  ≤ 0 as 𝑛 → ∞. Now we show that 𝑝∗ is the fixed point of 𝑇. Assume that 𝑝ᇱ is another 
fixed point of 𝑇, then we have 𝑇𝑝ᇱ = 𝑝ᇱ and 
 

𝑑(𝑝∗, 𝑝ᇱ) = 𝑑(𝑇𝑝∗, 𝑇𝑝ᇱ) 
                                     ≤ 𝛼ଵ𝑑(𝑝∗, 𝑝ᇱ) + 𝛼ଶ𝑑(𝑝∗, 𝑇𝑝ᇱ) + 𝛼ଷ𝑑(𝑝ᇱ, 𝑇𝑝ᇱ) + 𝛼ସ[𝑑(𝑝∗, 𝑇𝑝∗) +

𝑑(𝑝ᇱ, 𝑇𝑝ᇱ)] 
                       ≤ 𝛼ଵ𝑑(𝑝∗, 𝑝ᇱ) + 𝛼ଶ𝑑(𝑝∗, 𝑝ᇱ) + 𝛼ଷ𝑑(𝑝ᇱ, 𝑝ᇱ) + 𝛼ସ[𝑑(𝑝∗, 𝑝∗) + 𝑑(𝑝ᇱ, 𝑝ᇱ)] 
                                       ≤ 𝛼ଵ𝑑(𝑝∗, 𝑝ᇱ) + 𝛼ଶ𝑑(𝑝∗, 𝑝ᇱ) = (𝛼ଵ + 𝛼ଶ)𝑑(𝑝∗, 𝑝ᇱ) 
which implies that  𝑝∗ = 𝑝ᇱ. 
Corollary 3.1: Let (𝑋, 𝑑) be a complete b-metric space with constant 𝑠 ≥ 1 and define the 
sequence {𝑝௡}௡ୀଵ

ஶ ⊂ 𝑋 by the recursion  
𝑝௡ = 𝑇𝑝௡ିଵ = 𝑇௡𝑝଴. 
Let 𝑇: 𝑋 → 𝑋 be a mapping such that 
               𝑑(𝑇𝑝, 𝑇𝑞) ≤ 𝛼ଵ𝑑(𝑝, 𝑞) +  𝛼ଶ𝑑(𝑞, 𝑇𝑝) + 𝛼ଷ𝑑(𝑝, 𝑇𝑞) +  𝛼ସ𝑑(𝑝, 𝑇𝑝) +  𝛼ହ𝑑(𝑞, 𝑇𝑞)     
(3.7) 
where 𝛼ଵ + 𝛼ଶ + 2𝑠𝛼ଷ + 𝛼ସ + 𝛼ହ ≤ 1 and ∀ 𝑝, 𝑞 ∈ 𝑋, then there exists 𝑝∗ ∈ 𝑋 such that 𝑝௡ → 𝑝∗ 
and 𝑝∗ is a unique fixed point. 
Proof: It is the modify from of Theorem 3.1 by introducing 𝛼ହ. 
Corollary 3.2: Let (𝑋, 𝑑) be a complete b-metric space with constant 𝑠 ≥ 1. Let 𝑇: 𝑋 → 𝑋 be a 

mapping for which there exist 𝛼ଵ, 𝛼ସ  ∈ ቂ0,
ଵ

ଷ
ቁ such that 

                                             𝑑(𝑇𝑝, 𝑇𝑞) ≤ 𝛼ଵ𝑑(𝑝, 𝑞) +  𝛼ସ[𝑑(𝑝, 𝑇𝑝) +  𝑑(𝑞, 𝑇𝑞)]                          (3.8) 
                                                  
 ∀ 𝑝, 𝑞 ∈ 𝑋, then there exists 𝑝∗ ∈ 𝑋 such that 𝑝௡ → 𝑝∗ and 𝑝∗ is a unique fixed point of 𝑇. 
Proof: By putting 𝛼ଶ = 𝛼ଷ = 0 in Theorem 3.1, we get the result of Corollary 3.2, which is the 
main result (Theorem 2) of Dubey et al. [10]. 
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