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Abstract

In this study, we establish some fixed point theorems for novel contractive-type conditions for
mappings in b-metric spaces. Some well-known fixed point-related results in the literature are
improved, generalized and extended by our results.
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1. INTRODUCTION

Bakhtin [2] introduced the notion of b-metric space in 1989 and Czerwik [8] provided a formal
definition in 1993. b-metric spaces are a generalization of metric spaces where the notion of
distance satisfies certain properties akin to those of metrics, but not necessarily all. They are useful
in extending various results from metric spaces to a broader setting.

One notable difference between b-metric spaces and traditional metric spaces is that the b-metric
function may not necessarily be continuous within the topology it generates. This property
distinguishes b-metric spaces from metric spaces and can have implications for the applicability
and generalization of certain theorems. For instance, Example 2.6 of reference [16] likely provides
a specific instance where the b-metric d is not continuous in the associated topology, illustrating
a characteristic feature of b-metric spaces.

Researchers have explored various aspects of b-metric spaces and have contributed to the
generalization of fixed point theorems in this context. References [3, 6,9, 11, 12, 13, 14, 17], along
with their respective citations, likely discuss these developments and related works in the field.
The unique fixed point theorem for weakly-contractive mappings was recently established by
Chaudhary et al. [7]. Fixed point theory for multivalued generalized contraction on an asset with
two b-metric spaces was demonstrated by Boriceanu [5]. A fixed point theorem for set valued
quasi-contractions in b-metric space was established by Aydi et al. [1]. Berinde [4] proved Iterative
Approximation of fixed points. In this attempt we establish fixed point theorems using new
contractive type conditions for mappings defined on b-metric space. Our results are extensions of
the findings in [15].

2. PRELIMINARIES
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Definition 2.1[2] : Let X be a non-empty set and let s > 1 be a given real number. A function
d:X XX — R, ,is called a b-metric provided that, for all p,q,r € X,

1) d(p,q) = 0iffp = q,

2)  dpq) =d(qp),

3)  d(p,r) <s[d(p,q) +d(g,7)].

A pair (X,d) is called a b-metric space. It is clear that definition of b-metric space is extension
of usual metric space.

Example 2.1[5] : The space [,(0 < x < 1),

Le = {(pn) © R Xilpal™ < oo},

together with the functiond: [, X [, - R

1
d(pr Q) = (Z?]?:llpn - qn|x)§’
Where p = p,, q = q, € L, is a b-metric space. By an elementary calculation we obtain that
d(p,r) < 5 [d(p, @) + d(q, 7]
Example 2.2 [5] : The L,(0 <x < 1) of all real functions p(t),t € [0,1] such that
follp(t)lx dt < oo, is b-metric space if we take

1
d(p,q) = [[Ip(®) — q@)I7ae],
foreachp,q € L,.
Definition 2.2[5] : Let (X, d) be a metric space. Then a sequence {p,} in X is called a Cauchy
sequence if and only if for all ¢ > 0 there exist n(¢) € N such that for each n,m > n(¢) we have
d(PnPm) < e
Definition 2.3[5] : Let (X, d) be a metric space. Then a sequence {p,} in X is called a convergent
sequence if and only if p € X, then there exist n(e) € N such that for all n > n(e) we have
d(p,, p) < €. In this case, we write lim,_,, p,, = P.
Definition 2.4[5] : The b-metric space is complete if every Cauchy sequence convergent.
Definition 2.5[4] : Let E be a non-empty set and T : E — E a self map. We say that p € E is a
fixed point of T if T(p) = p and denote by FT or Fip(T) the set of all fixed point of T. Let E
be any setand T : E — E a self map.
For any given p € E we define T"(p) inductively by T°(p) = p and T™*1(p) = T(T"(p)), we
recall T™(p), the nt" iterative of p under T. For any p, € X, the sequence {p, }n>0 C X given by
Pn=Tpn-1 =T"pe,n =12, ...
is called the sequence of successive approximations with the initial value p,. It is also known as
the Picard iteration starting at pj.
Definition 2.6[4] : Let (X, d) be metric space. A mapping T : X — X is called weak contraction if
there exists a constant § € (0, 1) and some L > 0 such that

d(Tp,Tq) < 6d(p,q) + Ld(q,Tp) (2.1
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Remark 2.7[4] : Due to symmetry of the distance, the weak contractive condition (2.1) imply
implicity includes the following dual one

d(Tp,Tq) < 8d(p,q) + Ld(p, Tq) 2.2)
Vp,q€EX.
In order to check the weak contractiveness of T'; it is necessary to check both (2.1) and (2.2). It is
clear that any contraction mapping is also weak contraction mapping in a metric space.

3. MAIN RESULTS
In this section, we give some fixed point theorems in b-metric space.
Theorem 3.1: Let (X,d) be a complete b-metric space with constant s > 1 and define the
sequence {p,}n=; € X by the recursion
Pn = TPn-1 =T"po.
Let T: X — X be a mapping such that
d(Tp,Tq) < a1d(p,q) + a,d(q,Tp) + azd(p,Tq) + a,[d(p,Tp) + d(q,Tq)], (3.1
where a; + a, + 2saz + 2a, < 1
V p, q € X then there exists p* € X such that p,, - p* and p” is a unique fixed point.
Proof: Let py € X and {p,}m=; C X be a sequence in X defined as
Pn=Tpp_1 =T"py,n =123, .. (3.2)
By (3.1) and (3.2) we obtain that
d(Pn Pn+1) = A(TPn-1,TPn)
< a1d(Pn-1,Pn) + 22d(Pn , TPp-1) + @3d(Pn-1,TPn ) + as[ d(Pn-1, TPn-1)
+ d(pn, Tpn)]
< a1d(Pn-1,Pn) + @2d(Pr , Pn) + @3d(Pp—1,Pns1 ) + au[d(Pp_1,0n)
+ d(Pn, Pn+1)]

< a1d(Pn-1,0n) + 5a3[d(Pr-1,0n) + A0, Pn+1 )] + @4 A(Pr—1,0n)
+ a,d(Pp, Pns1)
< 1d(Pp-1,Pn) + 5a3d(Pp-1,Pn ) + sa3d(n, Pus1) + 4 A(Pp-1,Pn )
+ a,d(Pp, Pns1)
< (ay +saz + a)d(Pp_1,Pn) + (a3 + @4)d(Pn, Prs1)
= (1 —Saz — a4)d(pnr pn+1) < (0(1 +saz + a4)d(pn—1' pn)
< kd(pn-1,pn)

a1+saz+tay
- <1
—-saz—ay

where k =

Asay +a; +2sa; + 2a4 < 1,
a,t+sazta, <1—saz—ay
a, +saz;+a
1 3 4 <1
1—sa;—a,
d(Pns Pn+1) < kd(Pp—1,0n)
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|
< k?*d(pp_2, Pn-1)
Continuing this process, we get
< k™d(po, p1)-
Now, we show that {p,, };= is a Cauchy sequence in X. Let m,n > 0 withm > n
d(pn' pm) < Sd(pn' pn+1) + Szd(pn+1' pn+2) + S3d(pn+2: pn+3) +——=
< sk™d(ps,po) + s2k™ 1 d(p1,po) + — — — + s™K™ ™ d(py, o)
< sk™d(py,po)[1 + (sk) + (sk)? + — — — + (sk)™ 1]

1-(sk)n-(m-1)
< sk™d(p1,po) [Sl——sk]

When we take m,n — o
limy,, o d(Pr, Pm) = 0.
Hence {p,}n=q is a Cauchy sequence in X. Since {p,};=; is a Cauchy sequence, {p,,} converges
top* € X.
Now we show that p* is the unique fixed point of T.
d(p*, Tp") < s[d(p”, Pn+1) + d(Pr+1,TP")]
< sd(p*, pn+1) + sd(Tpn, Tp™)
< sd(p", Pus1)t sa1d(pn, p*) + sazd(p”, Tpy)
+5a3d(pn, TP") + sau[d(pn, Tpy) + d(p*, Tp™)]
= d(p", Tp") <sd(P",Pn+1)+ sa1d(Pn, ") +5a2d (0", Pn+1)
+5a3d(Pn, TP™) + sasd(Pp, Pns1) + sas(p™, Tp")]
< sd(p”, Pn+1) T sa1d(pn, p*) + 5a2d (", Pn+1) +
s?azd(pn,p*)
+s?azd(p*, Tp*) + s?a4d(pn, p*)
+5%a,d(p*, Pps1 ) Tsaad(p*, Tp*)
= (1 - s%as —sa)d(®",Tp") < sd(®", Pns1)+ 5A1d (P, P”) + 52d (D", Prt1)
+52a3d(pn, p") + s%a4d(py, p*)
+ 52, d(P*, Pt )-
= (1 —s%az —sa)d(p’, Tp*) < (s +sa; +s?a)d(Pns1, ")
+(sa; + s?a; + s?ay)d(pp,p*)

d(Pryy,p” ) + ELEBITD 4y
d(p*,Tp*) < 0asn — co. Now we show that p* is the fixed point of T. Assume that p’ is another
fixed point of T, then we have Tp’ = p’ and
d(p*,p’) = d(Tp*,Tp)
< a1 d(p’,p") + azd(p’, Tp") + azd(p”, Tp") + ay[d(p", Tp*) +

(stsaz+s?ay,)

= d(p",Tp") <

1-s2az—say, 1-s2az—say,

d(p’,Tp")]
< a;d(p",p') + axd(@’,p") + azd(p”,p') + ay4[d(p",p") + d(p',p')]
< a d(p*,p') + a,d(p',p") + azd(p*,p’) = (a1 + a; + a3)d(p*,p")
which implies that p* = p'.
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________________________________________________________________________________________________________________________________________|
Theorem 3.2: Let (X, d) be a complete b-metric space with constant s > 1. Let T: X — X be a
mapping for which there exist « € [0, %) such that
d(Tp,Tq) < ald(p,q) +d(q,Tq)] (3.3)
V p, q € X then there exists p* € X such that p,, - p* and p” is a unique fixed point of T.
Proof: Let py € X and {p,}m=; € X be a sequence in X defined as
Pn=Tpp_1 =T"py,n=123, ... 3.4
By using (3.3) we obtain that
d(pn' Pn+1) = A(TPn-1,TPrn)
< a[d(pn—li pn) + d(pnl Tpn )]
< a[d(Pp-1,Pn) + d(Pn, Pns1 )]
< ad(pn-1,Pn) + ad(Pp, Pp+1)
= (1= )d(Pp, Pr+1) < ad(pp-1,pn)

a
d(pn' pn+1) < m d(pn—lr pn)

S kd(pn—li pn)
Where k = — < 1

1-a
As2a <1
>a<l—«a

<1
1—a ™

d(Pn, Pr+1) < k™d(p1,Po)
Thus T is a contraction mapping.
Now, we show that {p,},~, is a Cauchy sequence in X. Let m,n > 0 withm > n
AP Pm) < sld(pn, Pn+1) + d(Pns+1,Pm)]
< sd(Pp, Pns1) + 52°dOns1,Pns2) + S dPniz, Pnss)
+——= +Smd(pn+m—1r pm)

d(Pn, Pm) < sk™d(py, po) + s2k™ 1 d(py,po) + —— — +
s™k™™1d (py, po)
< (sk™d(p1, po)[1 + (sk) + (sk)? + (sk)™ 1]

1 _ (Sk)n—(m—l)
< (sk™d(p1, po)l 1—sk

]

when we take m,n —» o

lim;,_, o d(Pn, Pm) = 0.

Hence {p,},=; is a Cauchy sequence in X. Since {p, }n=; is a Cauchy sequence, {p,} converges
top* € X.

Now we show that p* is the unique fixed point of T

d(p”,Tp*) < s[d(p”,pn) + d(pn, Tp")]
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d(p*, Tp*) <s[d(p*,rn) + d(Tpn-1,Tp")]
< sd(p”, pn) + sd(Tpp-1,Tp")
< sd(p”,pn) + sald(pp-1,p") +d(p", Tp")]
< sd(pp,p*) + sad(pp-1,0") + sad(p”, Tp")
= (1 =sa)d(p", Tp") < sd(pn,p*) + sad(pp-1,7")
lim,,_,,d(p*,Tp*) =0
i.eTp* =p"*
Now we show that p* is the fixed point of T . Assume that p’ is another fixed point of T, then we
have Tp' = p’ and
d(p*,p') = d(Tp",Tp")
< ald(p",p') +d(p', Tp')]
d(p*,p') < ad(p*,p")
1-a)d(@,p) <0
which implies that p* = p'.
This completes the proof.

Theorem 3.3: Let (X,d) be a complete b-metric space with constant s > 1 and define the
sequence {p,}n=; € X by the recursion
Pn = TPn-1 =T"po.
LetT : X — X be a mapping such that
d(Tp,Tq) < a1d(p,q) + a,d(p,Tq) + azd(q,Tq) + a,[d(p,Tp) + d(q,Tq)],
(3.5)
where aq + 2sa, + a3 + 2a, < 1and V p, g € X then there exists p* € X such that p,, = p* and
p” is a unique fixed point.
Proof: Let py € X and {p,};=; € X be asequence in X defined as
Pn =Tpn_1 =T"py,n=1,2,3,... (3.6)

By (3.5) and (3.6) we obtain that
d(pn' pn+1) = d(Tpn—llTpn)
< a1d(Pp-1,Pn) + @2d(Pp-1,TPy)
+ azd(pn, TPy )
+ ay[d(Pp-1,TPn-1)
+ d(pp, Tpn)]
= a1d (Pn-1,Pn) + 5@2[d(Pn-1,Pn ) + d(Pn, Pr+1)] + a3d(Pn, Pnta)
+ ay[d(Pp—1,0n) + d(Pp, Prs1)]
< ald(pn—l' pn) + Sdzd( Pn-1, pn) + Sdzd(pn, pn+1) + a3d(pn' pn+1)
+ ay[d(Pp—1,0n) + A(Pp, Prs1 )]
= (ay + sa; + a)d(Pp-1, ) + (saz + az + ay)d(Pn, Prs1)
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|
= (1 —sa; — az — a)d(Pn, Pns1) < (ay + 53 + @4)d(Pp_1,Pn)
< kd(pn-1,Pn)

a1+sa2+a4 < 1
1-sa,—az—as

Asay +2sa, +az +2a, <1
a+sa,+a,<1—sa,—az;—ay
a, + sa, + a,

where k =

<1

1—sa,—az3—a,
d(Pn, Pn+1) < kd(Pn-1,0n)
=< kzd(pn—ZJ pn—l)
Continuing this process, we get

d(Pn, Pr+1) < k™d(po, p1).
Now, we show that {p, };=, is a Cauchy sequence in X. Let m,n > 0 with m > n,

d(Pn Pri1) < SAOn, Pnr1) + 5°dPni1, Prsz) +5°dPniz, Prss) + — — —
< sk™d(p1,po) + S2k™ T d(p1,po) + — — — + s™K™™1d(py, po)
< sk™d(py,po)[1 + (sk) + (sk)? + — — — + (sk)™ 1]
n—-(m-1
< sk™d(py, po) [F ]
When we take m,n » o
limy, 0 d(Pn, Pm) = 0.
Hence {p,},=; is a Cauchy sequence in X. Since {p, }n=; is a Cauchy sequence, {p,} converges
top* € X.
Now we show that p* is the unique fixed point of T
d(p*,Tp") < s[d(p”, Pn+1) + d(Pn+1,TPY)]
d(p*,Tp") < sd(p”, Pn+1) + sd(Pn+1,TD")
< sd(p", Pn+1) + 5d(Tpp, Tp™)
< sd(p*, Pn+1)t sa1d (P, D7) + sa2d(py, Tp")
+sazd(p”, Tp") + say[d(pn, Tpy) + d(p™, Tp")]
= d(p",Tp") <sd®",Pn+1)t sa1d(Pn, ") + sa2d(pn, Tp") + sazd(p*, Tp")
+ sa,d(Pn, Pn+1) +5a,d(p”, Tp")
< sd(P", Pr+1) T 501 d (P, p") + s2a2d (pn, p*) + s%a,d (™, Tp")
+sasd(p, Tp") + s?a,d(pr, p*) + 52, d(P”, Prs1)
+sa,d(p*, Tp*)]
(1 —s%ay —saz — sa,)d(P", Tp") < sd(P", Pur1)T sa1d(Pn, p) + s?a2d (p", pr)
+52a,d(Pnp") + s2ad (@, Pnt1)
= (1—s%a, —saz — sa,)d(p*,Tp*)
< (s +5%a)d(Pn+1, ) + (say + 5%y + s2a,)d(Pp, p*)
> A", TP) S =B APy, ) + d(pnp*)

sai+s2ay+s%ay

1-s2a,—saz—say 1-s2a,—saz—say
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d(p*,Tp*) < 0asn — co. Now we show that p* is the fixed point of T. Assume that p’ is another
fixed point of T, then we have Tp’ = p’ and

d(p*,p") = d(Tp*,Tp")

< a1d(p”,p') + axd(p”, Tp') + azd (@', Tp') + a,[d(p”, Tp*) +

d(p’,Tp")]
< a1 d(p',p) + a2d(p”,p') + azd(p’,p') + au[d(p”, p*) + d(p’,p")]
< ayd(p',p') + a2d(p*,p") = (a1 + a2)d(p*, p")
which implies that p* = p’.
Corollary 3.1: Let (X,d) be a complete b-metric space with constant s > 1 and define the
sequence {p,}n=1 € X by the recursion
Pn = TPn-1 =T"po.
Let T: X — X be a mapping such that
d(Tp,Tq) < a1d(p,q) + a2d(q,Tp) + azd(p,Tq) + a,d(p,Tp) + asd(q,Tq)

(3.7
where a; + @, + 2saz + a, + a5 < 1and V p, q € X, then there exists p* € X such that p,, - p”*
and p”* is a unique fixed point.
Proof: It is the modify from of Theorem 3.1 by introducing as.
Corollary 3.2: Let (X, d) be a complete b-metric space with constant s > 1. Let T: X — X be a

mapping for which there exist @, a, € [0, é) such that
d(Tp,Tq) < a1d(p,q) + as[d(p,Tp) + d(q,Tq)] (3.8)

V p, q € X, then there exists p* € X such that p,, —» p* and p”* is a unique fixed point of T.
Proof: By putting @, = a3 = 0 in Theorem 3.1, we get the result of Corollary 3.2, which is the
main result (Theorem 2) of Dubey et al. [10].
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